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Answer FOUR questions only.

1. (i) The Laplace transform of a function f(¢), denoted by L [ f (t)] is defined as

L[f®)]=F(s)= J:’ fye'at.
Show the following using the definition of L:

e 1
(a) L™ - = Ee("” sin2(¢ —3).u(t - 3),

sT—=25+5

-3s
(b) L (t =3)e"“Du(r -3),
it

where u(f) has the standard meaning.

(ii) Solve each of the following boundary value problems using the Laplace transform method.
2

(a) % +y=esint, subjectto y(0)=0, »'(0)=0.

3 2
(b)d—+4£2—2—+5?;+2y=10005t, subjectto 1/(0) =0, y'(0)=0, y"(0)=3.
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2. Obtain the formal expansion of the function f defined by (x)=Inx, 1Sx<e” asa

series of orthonormal characteristic functions {g, }of the Sturm-Liouville problem

i[xQJ+iy=O
x

dx| dx
»(1)=0
y(e”)= 0
where 4 > 0.

3. For each of the following functions £ (x), find the Fourier Sine series and the

Fourier Cosine series in0<x < L -

@) f(x)=4x ;0<x<L

X
. 3 10 ;0<x<L/2
W)=y, JL)2<x<I
10

4. (i) The Gamma function denoted by I'(p) corresponding to the parameter p is defined by the

improper integral I'(p) = fe"t" dt,  (p>0).

Show the following:

3
() J:Ox_E (l—e—X)dx =2r. (You may assume that F(%) =Jr)

F(a+l) '

(In @)™’

(b) f%dx: a>0.

(ii) The Beta function denoted by 3(p,q) is defined by L(p.q) = J;x"_l (1= x)""dx,

where p>0 and g>0 are parameters.

Prove the following:



@ [Veot0do = %r(-};)r(i

4

}%m‘.

(b) j: (Inx ( 1) —wheren is a positive integer and m>-1.

)

5. Let J,(x)be the Bessel function of order p given by the expansion

J, (x)= x”z (1)

= 022m+pm'F(p+m+l)

(i) Evaluate the following integrals:
@ [P (x)de. ) [S(x)dx. () [Js(x)dx

(ii) Express J,(x) in terms of suitable sine and cosine functions.
2

Note: You may use related Recurrence Relations for Bessel’s Functions toprove the

above results.

6. The Rodrigues’ formula for the n™degree Legendre polynomial denoted byP,(x) is given
as

1 a

x* =",
2"n!dx"( )

£(x) =

P,(x) is also given by the sum

"(2n-2m)!

Z2"m'(n m) (n 2m)

-2
X", n=0,1,2,....,

n n—1 . . .
where M = 5 or = whichever is an integer.
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Using this expansion prove that

0 P (1)= n(n2+ 1)
(ii) 2(~1) =(—-1)"ﬁ(i2+-9.
. 0 ifm=n
Gi) [(1-2) Bde=i2n(ast)
o+l

Hint: Multiply Legendre’s equation for P, by P,, integrate -1 to 1 and use orthogonality.



