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Answer four questions only

1.

(a)  Suppose V is a vector space over a field F . Prove that for all & € Fand forall x €V —{0}
{1) If ¢-x=0 then =0
(ii) foa-x=pHx thena=pf

(by LetM = {[i 2] Ia, b,c,d € I]R}.For every [2 Zi] ) [i; Zj EM,

define the two operations on M as follows:

a, by [az bz] _ [al +a;, b, +bh; ] [al bl] _ [al bll
Cq dl] i Co dz N C1+ Co dl + dz and o Cy dl - ¢y ({]

for @ € R, where R is the real number ficld. Is M a vector space over the ficid of real

nuimbers under these operations? Justify your answer.
(¢} s the set of three vectors u, = (1, 2, 2), u,= (-1, =1, -2) and ;= (1.0, 1) Torm a basis of

R 2 Justify your answer.

() et S={P,=1=-xP, =5+ 2x%, Py = =3+ 3x — x?} beasubset of the vector space of all
polynomials of degree at most 2 over R. Is 5 linearly independent over the field 527 Justity '\-'mu‘
answer.

2

(a) - Let I7be a vector space over the field Fand Wl ,W+¢. Show that iI'/sa
subspace of a vector space- ¥ over /7 if and only if for all a.feFand vl

ax+ By el
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Determine whether following sets are subspaces of the vector space R? over the field R
under usual addition and scalar multiplication in vector space R?*, In each casc justify

yOur answer,

1) A:{(a,b,c)la,b,cEl}Randb:2a+c2}
(i B={(abc)labc Randa=b=c}

Suppose I, and W, arc subspaces of a vector space V' over a field /. Prove that W, m ¥,

is a subspace of the vector space V' over the field /7.

Suppose V is a vector space over the field /. Show that if b € V is a lincar combination
of the set of veclors aq, @z, ... a, €V, then the set {b,a;,dq, ... ... a,} is linearly
dependent in V',

If a,b and ¢ are linearly independent vectors in ¥ over a field £

Are the vectorsa — b, b —¢, ¢ — a linearly independent? Justify the answer.
Suppose W is a subspace of a finite dimensional vector space ¥ over the ficld 7, then
prove that dim W =dim Vifand only it W=V

Let W= {(I,1,-2,0), (2, 1,-3,0), (-1, 0, 1,0), (0, 1, ~1,0)}. Find a basis for the
subspace Sp < W >of R*

Let TV — 1 be a linear transformation, where ¥ and 7 arc vector spaces. Show that
(1) ker 7is a subspace of I, and

(i) ker 7 =40} ifand only if 7'is one to one.

LotV =RE and W = R . Assume that ¥ and W are vector spaces over the ficld R
under the usual addition and scalar nultiplication.

Consider the mapping T :V = W definedby T(x,y) = (2x,2x +y,x +2y).
(i) Show that 7 is a linear ransformation.

(i) Find the kernel of 7

(i) Is Tan Tsomorphism? Justify your answer,
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Let R* = {(a,b,c,d)|ab,c,d € R} be the vector space over the field R under the
usual addition and scalar multiplication.

Let the mapping T : R* > R" be defined by T((a,b,c.d) = (a+bb3cc+d).
Assuming that 7 is a linear Transformation, determine whether the following sets arc

invariant subspaces of the vector space R* over the field R under T.

(i) W ={(ab00)|abe R}
(il) W =1{(a00b)lab € R}
(1) Dcfine an inner product space.

(ii) Let ¥ be an inner product space over a field . Prove that for Xy, X5, Y1, ¥2 € v,
< xpHxL Y T Y2 =< XY > A XY 2 R Xy > +< X5, >
(i)  Let u= (x,x3,%x3), V= (¥1,¥3,¥3) where w,v € R*
Define < 1,0 > = X;° — Xp° — xy3%3 . Is <u,v > an inner product on R3?

Justify your answecr.

Let w and v be any two vectors of a Euclidian Space.

(i) Prove that |[u + v[| < lull + |[v]}
(i) Define the angle between uand v
(i) Supposc E? be the usual Fuclidian three- space and u, v € E?
Let w=(1,—-1,2) and v = (2,1,0) . Find the angle between u and v
Show that the three vectors ;= (0,1,1), 1r,=(0.01) and 11, = (1,0,-1) form a basis tor £°,
the usual Euclidean three- space. Construct an orthogonal basis for £ out of {ut, 1y, u;}

using the Gram-Schmidt process.



