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Answer Five questions only.
(State clearly any result that you used, without proof.)

(01). {a) Define each of the following:

. (1) Inductive set.
" (i) Well ordered set.
(iii) Division Algorithm.

(b) Prove each of the following using Mathematical Induction:

0 Sili=(n-D-1

. cosa sina R cosna  sinno
(i) Let 4= . ,then 4" = )
—sing  coso —sinhe  COSho

(c) Show that the equation 7 + 10 = 7 has no solution in N where Nis the set of natural
numbers.

(d) If x,y €ER andm,n €N then prove each of the following
' (l) AT T = p'cm+n
(D™ =xm"

@D (ey)™ = x"y"

(02) (a) Prove that if n € N there isnom € N such that n <m <n+ 1.

(You may use the following propositions without proof.
e IfmmneNand m >n,then m—n € N.
¢ There is no natural number n such that 0 < n < 1.)

('b) It beZ and B = {z € Z;z = b} then prove that B is a well ordered set.




Q0076
(You may use the following propositions without proof. e
If T is a non-empty subset of N, then T has a least element.)

(c) Prove each of the following: '

() Ifclb and blathencla
(ii) If blaand bicthen bl(ac)
(ii)If bla and ¢ € Zthen blac

(d) Show that n? — n is an even number when n is an integer.

03y () If S is a non-empty subset of Z such that,
S1,S; ES = 5, +5, €S and si—s; ES.

Show that S = {0} or S contains a least positive integer & such that
S={nd:n€i}
(b) Show that (9" — 1) is divisible by 8 for all integers.

(©) If a,b,c € Z\ {0} then prove that (a,b, c) = ((a, b) ,c); where (a, b) is the
greatest common divisor of a, b and (a, b, ¢) indicates the same definition,

(d) Compute the greatest common divisor d, if (7469,2464, 132). Express d in
the form d = 7469a + 2464b + 132¢ , where g, b and ¢ are any integers.

(¢) Find the least common multipte of 12012 and 1105.

04) (@Ifa=b(modm)andc=d (modm), then prove each of the following:
a+c¢ =b+d(modm)
a—c¢ =b—d(modm)
ac = bd (modm)

(b) Prove that for given n € Z there exists a unique 1 € Z,, suchthat n =
r (modm).

(c)If n is an odd integer then prove that n* =1 (mod4).
(d) Find the integer in Zy to which 9 x 13 19 X 400 x 52 is congruent modules 7.

(e) Prove or disprove that every linear congruence has a solution.
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(5) (a) Let R be a commutative ring. If  f(x), g(x) € R[x] and g{x) is monic, then prove
that there exists a unique g(x), #(x) € R[x| such that f(x)=qg(x)g(x)+r(x) with
r(x)=0 or deg(r(x)) < deg(g(x)).

B IF f(x)=x"—x"~x*+1 and g(x)= x’ =1 are polynomials over Q[x] then find the
greaiest common divisor d{x) of f{x) and g(x) and cxpress it in the form

d(x) = fO)u(x)+ g(x)v(x) where u(x), v(x) e Q[x].

() Let R ={a+ib5 :a, be Z}. Let £(x)=6x>+2/5ix—1 and g(x)=(1+iv5)x—1 be
polynomials in R[x].

(i) Show that the units in R are +1.
(ii) Show that g is a divisor of /.

(ii) Show further that / and g do not have a greatest common divisor.

(6) (a) State and prove Eisentein’s irreducibility criteria.
(b) Determine whether the polynomial f(x) = 7x' +12x° +12x" + 6x +1 is irreducible in
Z[x]. | | . R

(c) Find all monic irreducible polynomials of degree 2 in Z, [x].
(7) (@) (D) Let f(x)= Za,.xi eZlx]andn21.If o e Qisazeroof f(x)and « -,—-1;; such that
0

(v, 5) = 1, then show that r|a, and s|a,.
(ii) Find all rational roots of the polynomial 14x* ~51x* +56x* —21x +2 over Q.

(b) (i) State Factor Theorem.
(ii) Find all factors of f(x)=3x* —3x° -6 in Qfx], R[x] and C[x].

(8) (a) Let f(x)= Za,x" e Clx], a,#20and o, ,...... «, arethe zerosof f(x) in C.
. i=0

Show that (i) a,S, +a,_ S, 4+ . +a,S, =0, if m>n,

nm

(11) anSm +an—l m—1 n—m+l

S e +a, oS +ma, =0, it ms<n,

where S = Z o T
i—0
(I a,b,ceC  suchthat :@+b+c=0, then prove that,
6(° +5° +¢*)=5(a® + b + ) +b’ + %)
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