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01. Consider the set of all integers Z together with the binary operations @® and @ defined by

a@b=a+b—1foréll a,b€Z, and
aQb=ab—a—b+2forall e, b€l

(i) Show that Z is commutative under the binary operations €6 and @. f02Marks)
(i) Show that distributive law hold under the binary operations € and &. _ [04Marks]

(iii) Show that the additive identity O is 1 and the multiplicative identity 1z is 2 under

the binary operations @ and & respectively. [04 Marks]
(iv) Find the additive inverse for all @ € Z. Justify your answer. {04Marks]
(v) Find the multiplicative identity for all @ €&\ {1]. Justify your answer. [04 Marks]
(vi) Solve the equation x2€0 = 0z in (Z,, D, ®). ' [02 Marks]

02. (a) Let 5 = {(g “Nlab e 7} and R = & Vivarse iz,

(i) Show that S is a subring of R under the usual addition and multiplication.  [04 Marks]
(i) Is 5 an ideal of R7 Justify your answer. - [04 Marks]

a

N Eb) e 8, where
b a.

(b) Define f: 5 — Z{vZ] by f(g 2;’) = o+ by3 forall (

Z[wﬁ] = {a; + 52l b e ﬁ}

(i) Show that f is a homomorphism. [06 Marks]
(ii) Find the kerf. [03 Marks]
(iii) Show that § 2 Z[\2]. (03 Marks]




03. (a) Let { and J be ideals of a ring R. Define a mapping ¢:{ — (s _’Lﬁ/} satisfy the

following conditions:.

(i) ¢ is a onto ring homomorphism. ' [06 Marks]
(i) kergp =1 1 ]. ' [02 Marks]
(b} (i) State the Fundamental Theorem of Homomorphism for rings. [02 Marks]

(1) Giving i‘easons, conclude that £ /f nj = {@+7) / T where [ and J are

ideals of aring R. [05 Marks]

(iii) Verify that (123/(8 0= (33/(31)_ [05 Marks]

04. (a) Let A ={b+ral b€ landr€ R}, where ! is an ideal of aring R and a € R,

Show that:
(i) Aisanideal of R [04 Marks]
()f<Aanda e A . [02 Marks]
(iii) A ﬂ J,where B = {JlJis anideal of R containing 7 and a}
JeB
Deduce that A = (1, a)}. ~ [02 Marks]
(iv) If R is ‘the set of integers Z, then {ny) = {nyr| r € Z}. ~ [02 Marks]

(b) (i) Define a maximal ideal in a ring R. [02 Marks]
(i‘i) Let I be a proper ideal of a ring R. Prove that if {{, a:)- = R for any a SR\ IJ‘the.n |
lisa maxifnal ideal of R. {04 Marks]
(iii) Let J = (3). Show that (I, 2) = Z. Deduce that (3) is a maximal ideal of Z.

Is {12} a maximal ideal of Z? Justify your answer. {04 Marks]




05. (a) (i) Define a prime ideal in a ring R.

(i) Let I be a proper ideal of a ring R. Prove that I is a prime ideal

.if and only if the quotient ring R /; has no zero divisors.

[02 Marks]

{06 Marks]

(b) Let I = {p (x) € E[x]]p(0) = 0}, where Z[«] is the set of all polynomials over Z

(i) Show that / is an ideal in Z{x]

[04 Marks]

(i) Appling Fundamental Theorem of Homomorphism of rings for the mapping

¢: Z[x] — Z given by qf:(_p (x)) = p(0) forall p(x) € E[x],

show that E[x]/ 7 & Z. Deduce that J is a prime ideal.

06. (a) Define each of the following:

(i) nil radical +/7 of an ideal / of aring R.
(ii) semiprime ideal of a ring R.
(b) Let 7 and ] be two ideals of a ring R. Show that:
(i) 7 €~T
(i) T =TT =vInJ.

" (i) i R /1- has no nilpotent element, then the ideal J is semiprime.

07. (a) (i) What is meant by a maximal principle ideal?

(11) Let Abea prmclple 1deal domain. Show that every infinite chain
LeEhs-Sl, &1, ofR hasamammahdeai. | |
(b) (i) Define an irreducible element of a ring R,
| (it) Show that, p is an irreducible element of an integral domain R if

and only if {p) is a maximal principle ideal.

(iii) Is (2 ++ —5) a maximal principle ideal in Z{y—5)? Justify your answer.

[08 Marks])

[02 Marks]

[02 Marks]

© [04 Marks]

[08 Marks]

[04 Marks]
[02 Marks]

[04 Marks]

[02 Marks]

[08 Marks]

[04 Marks]




08. Prove or disprove each of the following:

(i) Boolean ring is commutative

(ii) A finite ring with identity which has no zero divisors is a division ring.

(iii) 23_? is a prime field for any prime p € Z.

(iv) Every ficld contains only one prime field,

(v) The quadratic domain Z{v'~5) s a unique factorization domain.
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[04 Marks]
[04 Marks]




